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Estimation of screening length and electric charge on particles in single-layered
dusty plasma crystals
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Single-layered two-dimensional crystals of dust particles are often observed in dusty plasma experiments
and the data on their structure can be obtained by analyzing the images usually taken by charge-cupled device
cameras. We give here some formulas for practical purposes of estimating the screening length and the electric
charge on a dust particle from the surface density and the radius of such finite two-dimensional dust crystals.
The formulas are derived on the basis of our theoretical approach which has been successful in reproducing
results of molecular-dynamics simulations on dusty plasmas. An example of application is also shown.
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Dusty plasmas have been attracting our attention since
first observation of their ordered structures. In dusty plasm
we are able to clearly observe structures and dynamic p
erties of strongly coupled plasmas. We have investigated
structure formation and melting of dusty plasmas in two- a
three-dimensional, finite and infinite systems by molecu
dynamics simulations and theoretical analyses. We have
produced vertically layered structures observed in exp
ments@1# by molecular dynamic simulations, modeling th
system as a collection of charged particles which inter
with each other via the screened Coulomb~Yukawa! interac-
tion and are vertically confined by a balance between
gravity and the electric field due to electrode@2,3#. The num-
ber of layers changes discretely with two system parame
the strengths of confinement and screening. We have
developed a theory with intralayer cohesive~correlation! en-
ergy and succeeded in reproducing results of our simulat
@2,3#. We have also performed numerical simulations a
theoretical analyses on the mixture of dust particles with
ferent charge-to-mass ratios and found the separation of
cies by gravity@4#.

The dusty plasma system takes the single-layered~two-
dimensional! structure in the limit of strong confinement@2#.
These single-layer dust crystals have been used to obs
static and dynamic properties of strongly coupled plasm
@5#. When the system is finite, as in the case of real exp
ments, such a single-layered dusty plasma can be model
Yukawa particles that interact with each other via t
Yukawa potential

q2exp~2r /l!/r , ~1!

whereq is the electric charge on a dust particle andl the
screening length, and are in the horizontal two-dimensio
parabolic potential

1
2 kR2, ~2!

whereR25x21y2 is the radial distance from the center
the potential. At low temperatures, this system is charac
ized by only two parameters
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and the number of particles,N @7#. Simulations have been
performed for the system containing up to 104 particles, and
structures in equilibrium states are obtained. For large s
tem, we have applied the fast multipole method to comp
mutual interactions@6,7#.

In this Brief Report, we discuss the estimation of scree
ing length l and electric chargeq from the information
obtained in experiments and derive some formulas
practical purposes. As an example, we apply the result
experiments@8,9#.

We have proposed a theoretical approach based on
variational method and have shown that our theoret
analysis reproduces the results of simulation almost co
pletely for large systems when parametera exceeds 1@7#.
The most important element of our theory is the inclusion
the cohesive~correlation! energy between dust particles. Th
details are given in Ref.@7#. The theory gives the surfac
density of particles,r, as a function of distance from cente
R, in a dimensionless form,

l2rS R

l D5
1

4pa F S Rm

l D 2

2S R

l D 2G1
3a

4p H 1

4pa F S Rm

l D 2

2S R

l D 2G1S a

8p D 2J 1/2

1
5a2

32p2
~4!

FIG. 1. Cohesive energy of the two-dimensional triangu
Yukawa lattice.
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for R,Rm and

l2rS R

l D50 ~5!

for R.Rm . Here R is the distance from the center of th
system andRm is the maximum radius of the system, dete
mined by

8aN5S Rm

l D 4

1
2a

Ap
a1/2H F S Rm

l D 2

1
a2

16p
a G3/2

2S a2

16p
a D 3/2J 1

5a2

4p
aS Rm

l D 2

. ~6!

Parametera in the above expressions is determined n
merically from cohesive energy of the triangular Yukawa l
tice in two dimensions,Ecoh @3#, as follows. When the sur
face density isn, the mean distance of particles is given
amd5(pn)21/2. The normalized cohesive energyEcoh8
5Ecoh/(q2/amd) is a function of ratio,5amd /l and is in-
terpolated by a polynomial as shown in Fig. 1. In a limit
range of,, the cohesive energy can be approximated a
linear function of,. We use linear approximation around,
5,1, where,15(Rm /AN)/l is the average mean distanc
of particles in the two-dimensional circular crystal ofN par-
ticles with radiusRm normalized byl. Parametera is de-
fined so that2aAp is the linearly extrapolated~normalized!
energy for,50, when one linearly approximatesEcoh8 (,)
around,1:

FIG. 2. Relation betweenRm /l and parametera for various
values of the number of particlesN.

FIG. 3. Relation betweenl2r(0) and parametera for various
values of the number of particlesN.
01740
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a

2aAp5Ecoh,08 5Ecoh8 ~, !U,5,1
2,

dEcoh8 ~, !

d ,
U

,5,1

521.960510.195 94,1
2 20.034 298,1

3 .
~7!

Relations~4!–~6! are derived within the above approxima
tion of linear dependence ofEcoh8 (,) on ,. We first solve
Eqs.~6! and~7! self-consistently to obtaina: Since,1 anda
depend onRm /l and vice versa, small number of iteration
are necessary. The density distribution is then given by E
~4! and ~5!.

The values ofRm /l andl2r(R50) are shown in Figs. 2
and 3, respectively, as functions ofa for various values of

FIG. 4. Examples of radial distributions of number density o
tained by simulation and theory, including 104 particles. The dis-
tance from the center of the distribution is normalized by screen
lengthl and ~a! a5102 and ~b! a5104.

FIG. 5. Relation betweenr(0)Rm
2 and parametera with various

values of the number of particlesN.
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number of particles,N. Typical examples of the distribution
of particles obtained by simulations and reproduced
theory are shown in Fig. 4.

Single-layered dusty plasma crystals are often observe
experiments in parallel-plate discharge chambers. The
on their structures can be obtained by analyzing the ima
taken by charge-couupled device cameras. Let us now
sider extracting information on physical quantities related
dust particles from these experiments on the basis of
theory.

In Fig. 5, the dimensionless valuesr(0)Rm
2 in our theory

are shown as functions ofa for various values of number o
particles,N. In experiments, on the other hand, the numb
of particles,N, the maximum radiusRm , and the central
densityr(0) may be easily determined for each crystal. W
can thus estimate the value ofa from the experimental val-
ues of N and r(0)Rm

2 , inverting the relation between
r(0)Rm

2 anda. Oncea is estimated, we can obtainl andq
if the value ofk is known:l andq are evaluated fromr(0)
~or Rm) and k. As is shown below, the information onk is
given independently in some cases. Even if the value ofk is
not exactly known, the identification ofa is useful in evalu-
ating plasma conditions.

For practical purposes, we give here approximate but
rectly applicable expressions fora in terms of N and
r(0)Rm

2 :

log10a 5 f 11 f 4ln
f 22@r~0!Rm

2 2 f 3#

f 21~r~0!Rm
2 2 f 3!

, ~8!

where for 102<N<103,

f 151.0605N0.1703,

f 2520.1694N27.20831026N2,

f 350.4607N24.44731026N2,

f 4521.413811.2304N20.930725.98131025N;

and for 103<N<104,

f 151.3024N0.1399,

f 2520.1866N29.83831027N2,

f 350.4522N21.460631026N2,

f 4521.928011.0543N20.1208.
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When 10,a,105, the relative error of the above expressio
is less than 9% and when 1,a,10, less than 10% for 102

,N,93102 and less than 17% for 93102,N,104. Since
the values of the screening length and charge are no
sensitive toa, their values can be estimated to the first tw
digits based on the above expression.

We also give approximate expressions forRm/l in terms
of N anda:

log10S Rmax

l D5g11g2log10a1g3~ log10a!2, ~9!

where for 102<N<104,

g150.120410.2906log10N24.19931023~ log10N!2;

for 102<N<103,

g250.232429.61331023log10N13.99131023~ log10N!2,

g3523.0453102211.30031022log10N

22.01031023~ log10N!2;

and for 103<N<104,

g250.173513.26331022log10N23.54531023~ log10N!2,

g3529.9133102321.48931023log10N

15.30731024~ log10N!2.

The relative error of the above expression is less than 1
As an example, we apply our formulas to experiments

Hebner et al. @8,9#. Some of their experimental data a
listed in Table I. The values of nearest neighbor separatio
the center of distributions0 and maximum radiusRm are
taken from Figs. 5 and 6 in Ref.@8# for each case with
different number of particles,N. The density at centerr(R

TABLE I. Examples of experimental data@8#.

N s0 ~mm! Rm ~mm! r0 (mm22) rave (mm22)

1161 0.41 10.31 6.80 3.48
434 0.52 6.88 4.35 2.92
276 0.58 5.88 3.41 2.54
205 0.61 5.35 3.08 2.28
106 0.71 4.18 2.28 1.93
TABLE II. Estimation of screening length and electric charge.

r(0)Rm
2 r0l2 Rm /l

N Estimateda l ~mm! q(e)
~Experiment! ~Theory! ~Theory!

1161 723.7 0.06160.001 33.7060.02 4.6360.05 a a

434 206.3 (5.0960.23)3102 0.30060.001 26.260.1 0.26 1.93104

276 118.0 (1.9960.14)3103 0.14560.001 28.660.1 0.21 2.53104

205 88.3 (1.2960.01)3103 0.15260.001 24.160.1 0.22 2.33104

106 39.7 (7.9960.20)3103 0.06360.001 25.060.1 0.17 3.73104

aOur theory is not applicable to the case wherea,1.
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50) is calculated froms0 by r(0)52/(A3s0
2) since the par-

ticles are ordered into the regular triangular lattice in
central region. The average number density of the partic
rave may be estimated byrave5N/(pRm

2 ).
After determininga, we estimatel and q from the ex-

perimental values ofr(0) ~or Rm) and k: In these experi-
ments, the confining parameter is given byk5mdg/Rc and is
equal to 8.6310212 kg/sec2, where md54.4310213 kg is
mass of a melamine particle of where diameter is 8.34mm, g
is gravity acceleration, andRc50.5 m is curvature of the
electrode.

The results are shown in Table II. In the case ofN
51161, the estimated value ofa is 0.029 and is beyond th
applicability of our theory. The obtained values of elect
charge and screening length are shown in Figs. 6 and 7
function of average density. Our estimation of the screen
length is consistent with the estimation in Refs.@8,9# on the
average and that of the charge on a particle is smaller.
also see that the screening length slightly increases and
charge almost linearly decreases with the increase in
number density of particles. Large scatter of points in Figs
and 7 may be attributed to fluctuations in plasma conditi
from experiment to experiment with different number of pa
ticles. In addition, the crystals are not exact circles in exp
ments and the values ofRm may also include ambiguity.

Our theoretical approach takes into account, as cohe
~correlation! energy, the interactions between not only neig
boring but also distant particles. Since the screening len

FIG. 6. Estimated electric charge as the function of the aver
number densityrave.
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are of the same order of magnitude as the interparticle s
ration s0 in these experiments, the interaction beyond
nearest neighbors cannot be neglected. Our result may
cate that smaller charge on each particle is enough to
scribe mutual interactions when interactions beyond nea
neighbors are taken into account.

Though the number of data points is small and one ha
be careful in assuming the similarity of plasma condition
our results suggest the possibility of more detailed analy
on the plasma parameters. In this case, the electric charg
individual particle and the screening length seem to have
decreasing and increasing tendencies, respectively, whe
put larger number of particles into a finite plasma. The phy
cal mechanism for these tendencies may, however, no
simple and is beyond the scope of this Brief Report.~The
increase ofl with N andrave may suggest a decrease in th
number density of electrons. The average charge densit
particles, qrave, however, seems also to slowly decrea
with N andrave, implying an increase in the electron numb
density.! The experimental determinations of these para
eters are still among the most important issues in du
plasma physics and our formulas will be useful for tho
purposes.
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FIG. 7. Estimated screening length as the function of the av

age number densityrave.
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